We discuss the effect of a magnetic thin-film ribbon at the surface of a topological insulator on the charge and spin transport due to surface electrons. If the magnetization in the magnetic ribbon is perpendicular to the surface of a topological insulator, it leads to a gap in the energy spectrum of surface electrons. As a result, the ribbon is a barrier for electrons, which leads to electrical resistance. We have calculated conductance of such a structure. The conductance reveal some oscillations with the length of the magnetized region due to the interference of transmitted and reflected waves. We have also calculated the Seebeck coefficient when electron flux is due to a temperature gradient.
I. INTRODUCTION
Topological insulators (TIs) are systems which are insulators in the bulk, but their conducting properties are associated with surface (in 3-dimensional case) electronic states emerging in the gap [1, 2] . The unique electric and magnetic properties of TIs are related mainly to robustness of the energy spectrum of surface electronic states to any perturbation which does not break the time inversion symmetry [3, 4] . This means that nonmagnetic impurities or defects do not open energy gap in the Dirac spectrum of the surface electrons. On the other hand, the effect of magnetic field or a nonzero magnetization at the surface can be crucial as they break the symmetry protection mechanism of the topological insulator [5] [6] [7] [8] [9] [10] [11] . In particular, the magnetization oriented perpendicularly to the surface of a TI opens an energy gap [5, [11] [12] [13] [14] , whereas the gap is absent in the case of in-plane magnetization. This behavior gives a chance to control the parameters of electron energy spectrum by variation of the magnetization orientation, that can be done, for instance, by applying a weak external magnetic field.
Another important property of surface electrons described by the Dirac Hamiltonian is the total transparency of any potential barrier for electrons incident on the barrier [15] . This phenomenon is known as the Klein effect. However, formation of an energy gap in the Dirac spectrum significantly changes the situation. This is because electrons can propagate only via continuous energy spectrum, and are reflected from the gap.
In this paper we discuss the possibility of using a structure with a local magnetization region on top of a TI to control transport of surface electrons. It is important that electron transport in a TI means transport of charge and spin since the electron states are spin-polarized along the direction of electron motion.
It should be noted that structures of this type attracted a lot of attention recently [16] [17] [18] [19] [20] [21] [22] due to the possibility * s.kudla@prz.edu.pl † vdugaev@prz.edu.pl of an effective control of magnetization in the magnetic layer by the electric current in TI. It is related to the current-generated spin torque reversing the magnetic moments in the layer. Especially important is the spin-orbit component of the torque [23] which is due to the currentinduced spin polarization of electrons under spin-orbit interaction in the TI. The other interesting types of a hybrid structure, which includes superconducting and magnetic layers on top of the topological insulator, have been also considered [24, 25] . In this case, one appear the Majorana excitations, which can be manipulated by the magnetization direction [24] , or a possibility of controlling the phase shift in the Josephson current by the in-plane magnetic field [25] .
In this paper we mostly concentrate on charge and spin transmission through the magnetized region assuming that the electric current is weak enough, so that the magnetic moments in the ribbon can be viewed as frozen. We consider the model with perpendicular magnetization. In this case the magnetization opens a gap in the electronic spectrum of TI, which creates an effective barrier for the motion of spin-polarized elecrons in TI. Thus, by controlling the magnetization orientation one can change the resistance of the structure [16] .
II. MODEL
We consider a system consisting of a three-dimensional (3D) topological insulator and a narrow thin-film magnetic ribbon on top of its surface. Magnetization in the ribbon is assumed to be perpendicular to the surface of TI, as shown schematically in Fig. 1 . Hamiltonian which describes electrons at the surface of TI can be written in the following form:
where σ i are the spin Pauli matrices, while m(x) = gM z (x) leads to the energy gap that is determined by the z-component of magnetization M z (x). The parameters v/ and g are the velocity of surface electrons in TI and the coupling constant, respectively. Without any magnetic film at the surface, m(x) = 0, the Hamiltonian (1) describes massless two-dimensional (2D) Dirac electrons at the surface of TI. The energy spectrum of such electrons has two branches, ε 1,2 (k) = ±vk. The main properties of 3D TIs are related to the fact that the low-energy electron excitations are described by massless Dirac electrons, and the spectrum is protected by the time-reversal symmetry of the system, so that any perturbation which does not break this symmetry can not open an energy gap in the Dirac spectrum [1, 2] . As we can see from Eq. (1), Dirac electrons are spin-polarized along the wavevector k, so the electric charge transmitted by Dirac electron is accompanied by the transmission of spin oriented in the direction of electron motion. One can check that any potential barrier can not stop the motion of massless Dirac electrons (Klein paradox [15] ).
The magnetization perpendicular to the TI surface can open the energy gap since the magnetization breaks the time-reversal invariance. As a result, electrons in TI can be effectively scattered and reflected from the barrier. We assume that the magnetic region of length L is along the x-axis as shown in Fig. 1 . Correspondingly, we can assume m(x) in the following form:
The Schrödinger equation, (Ĥ − ε) ψ(r) = 0, for the spinor components ϕ,χ of the wavefunction ψ(r) = e ikyy ψ ky (x) can be presented as
Since we assumed the gap in the form given by Eq. (2), these equations can be solved separately in the regions I, II and III (see Fig. 1 ).
III. ONE-DIMENSIONAL MOTION
Let us consider first the motion of electrons along the axis x. This corresponds to k y = 0 in equations (3) .
By solving these equations in the regions I (x < 0), II (0 < x < L) and III (x > L) we find (similar formulae are presented by Yokoyama [17] for a different choice of the Hamiltonian describing Bi 2 Se 3 TI)
where r and t are the coefficients of reflection and transmission, A and B are constants,
0 /v, and we assumed ε > m 0 . Equation (4) represents the incoming and reflected waves with spin polarization along the direction of the electron motion. Due to external magnetization M in the region II, the waves propagating in opposite directions in this region (5) are not spin polarized in the direction of motion. If the energy of an electron is slightly above the gap, (ε − m 0 ) ≪ m 0 , the effect of magnetization field is so strong that the electron is spin polarized along axis z, i.e. perpendicular to the direction of electron motion. The transmitted (outgoing) electron (6) is spin polarized along the axis x.
Matching the solutions (4)-(6) at the interfaces x = 0 and x = L, i.e., ψ ky=0 (−δ) = ψ ky =0 (+δ) and ψ ky =0 (L − δ) = ψ ky=0 (L+δ), we obtain four equations for the spinor components, and finally we can find the values of all constants r, t, A, B entering Eqs. (4)- (6) . In particular, we find the transmission coefficient for an electron with energy ε > m 0
From this equation follows that the probability of transmission through the "magnetization barrier", T ky=0 = |t ky =0 | 2 , can go to zero if the electron energy is close to the value of the gap, (ε − m 0 ) ≪ m 0 and L → ∞.
Indeed, in the limit of (ε − m 0 ) ≪ m 0 from Eq. (7) follows
which means that the transmission probabilty T ky=0 is oscillating with the length L. These oscillations are due to the interference of transmitted and reflected waves in the magnetized region. If k is integer), then we obtain T ky=0 = 0 but at the points k
we also obtain full transparency of the magnetic barrier, T ky=0 ≃ 1. It should be also mentioned that when T ky=0 = 0, the constants A and B in Eq. (5) do not vanish, which indicates that an electron coming from the region I can partially penetrate into the region II, but it does not go through the outer interface x = L. In the case of large electron energy, ε ≫ m 0 , we find from Eq. (7) that T ky=0 ≃ 1, like in the case of TI without any magnetic barrier.
The electrons with energies ε < m 0 can penetrate through the gap by tunneling. In this case, the wavefunction in region II has the following form
where κ = m 2 0 − ε 2 /v. Hence, calculating the transmission coefficient like before we find for 0 < ε < m 0
Using this expression (10) we can find that for ε ≪ m 0 the transmission probability has a simple form
and in the limit of κL → 0 we get T ky=0 = 1. The dependence of transmission probabilty T ky=0 on the electron energy ε and on the length L are presented in Figs. 2 and 3 , respectively. Here we used the dimensionless energy ε/m 0 and length Lm 0 /v. If we take m 0 = 100 meV and v = 10 −8 eV·cm, we obtain the value of length unit v/m 0 = 1 nm.
IV. TWO-DIMENSIONAL MOTION OF ELECTRONS
Let us consider first overbarrier transmission of electrons. Taking into account a nonzero value of k y for electrons incoming at a certain angle to the surface, we write the solution of Eqs. (3) for the wavefunction in the regions I, II, and III as (we omit the common multiplier e ikyy )
where we denote
Here we take into account that the k y component of vector k is conserved when the electron is transmitted through the interface. This is due to the translational invariance along y. Note that here we use vector k being the wavevector of incoming wave as a quantum number to label scattering states, which are the eigenstates of Schrödinger equation with Hamiltonian (1).
After matching Eqs. (12) to (14) at x = 0 and x = L one can obtain the following expression for transmission coefficient depending on the direction of vector k for ε > (m
. (15) One can check that electrons incident on the interface at a nonzero angle φ = tan −1 (k y /k x ) are not transferred so easily as those with φ = 0.
One can also consider the subbarrier transmission of electrons. In this case the electrons are tunneled through the gap, and instead of Eq. (13) we get
whereas for x < 0 and x > L we can use again Eqs. (12) and (14). Here we denote κ = (m
. (17) The results (15) and (17) can be used for the calculation of various transport properties of TI/magnetic layer structures. Here we present the calculation of conductance and thermoelectricity.
V. CONDUCTANCE
Now we calculate the conductance of the structure assuming that the magnetic nanoribbon is a unique barrier for the motion of electrons along the surface (usual impurities are fully transparent). Then we take chemical potential µ on the right side (region III) and µ + eU on the left side (region I). This corresponds to the electron flux from left to right (see Fig. 1 ) under external voltage U .
The electric current across the magnetic region reads
where vk x / k is the x-component of electron velocity in region III, ε 1k = vk is the energy spectrum of electrons in region III with energy ε > 0, and θ(z) is the Heaviside's function. The sum over k is restricted by k x > 0. The results of numerical calculation of the electric conductance G = jL/U are presented in Fig. 4 , where we denote G 0 = e 2 / . As we see, for µ > m 0 the conductance is also oscillating with L, similarly to the transmission probability T ky=0 . This is because the main contribution to the current is related to electrons incoming with the small value of k y , i.e., perpendicular to the interface.
VI. THERMOELECTRICITY
Using the transmission coefficient (15) and (17) in the region of overbarrier motion and tunneling, one can also calculate the electric current generated by a temperature gradient (Seebeck effect). We assume that the temperature of TI in the regions I and III is T 1,2 = T ± ∆T /2, respectively. The thermoelectric current can be then written in the form
where
are the FermiDirac distribution functions in the region I and III, and we assume ∆T ≪ µ/k B so that the thermoelectricity is due to electrons in the upper energy band ε 1k .
The results of numerical calculation of the linear response thermoelectric coefficient β defined as β ≡ GS = j T L/m 0 T , where S is the Seebeck coefficient and we denote β 0 = ek B / , are presented in Fig. 5 . Like the electrical conductance, the thermoelectric coefficient β reveals some oscillations with increasing magnetic region length L. As we see, the dependence of β on L is very similar to the dependence of conductance G(L) because in both cases the main effect is mostly related to the dependence of transmission coefficion on the length L.
VII. APPLICATION OF THE DIRAC MODEL TO Bi2Se3 TOPOLOGICAL INSULATOR AND THE SPIN TORQUE
The standard model of Bi 2 Se 3 topological insulator uses the following Hamiltonian (without magnetization term)
which differs from the Dirac model in Eq. (1). However, by using unitary transformation U = diag(1, i) the Dirac Hamiltonian H 0 = −ivσ · ∇ transforms into (20) . It means just a different choice of the phase in basis functions in "different" models. The corresponding transformation of Pauli matrices is The problem of spin torque needs special consideration, which is not in the scope of this paper, and we restrict ourselves by briefly discussing the main points. The total spin transfer torque (STT) acting on the moments in the magnetized regions can be calculated as a difference of incoming and outgoing spin currents. Since the spin currents in incoming and reflected waves have the same sign, and there is a relation between reflection R and transmission T probability, T + R = 1, one can find the following expression for STT
In the case of Bi 2 Te 3 TI the spin polarization of current is along −y. Thus, the STT component of torque is also along −y leading to current-induced deviation of magnetic moments from perpendicular. The maximum of STT is for |t(k)| 2 = 0 (full reflection), whereas at a full transparency, |t(k)| 2 = 1, STT is zero. Another component of the torque, namely, the spinorbit torque (SOT) is nonzero due to the spin-polarized electrons in TI. Indeed, the nonequilibrium current along axis x is associated with the prevailing number of electrons with spin in −y direction, which results in a nonequilibrium magnetization M y of the electron gas. In its turn, it leads to the generation of SOT acting at the magnetic moments as T SOT ∼ M × M, i.e. along x.
VIII. CONCLUSIONS
We calculated the conductance and thermoelectric coefficient of a topological-insulator-based structure consisting of a TI and a thin magnetic ribbon on its surface. In fact, these parameters characterize transport properties of the region II since transport in the regions I and III is purely ballistic.
It should be noted that we did not take into account the possibility of scattering from impurities in the region II. In contrast to the transport through regions I and III, transport in the region II depends on the presence of potential scatterers, which appears due to the gap. However, we can neglect this effect as we consider narrow magnetic ribbon, i.e., when L ≪ ℓ, where ℓ is the mean free path of electrons in the region 0 < x < L.
It is also interesting to analyze the problem of spin transmission through the region under the magnetic ribbon in the Dirac model of TI. Generally, the electron spin is not conserved when an electron traverses the magnetic region, contrary to the electric charge which has to be conserved. As we see from Eqs. (4) and (5), spin of an electron changes its orientation when it passes through the interface x = 0, whereas reflected electrons have spin orientation opposite to the spin of incoming electrons. Thus, the flux of electrons reflected from the interface x = 0 is associated with the spin current J x (spin along x) in the same direction as the spin flux of incoming electrons. This indicates that the spin current in region I is enhanced with increasing reflection coefficient R = |r| 2 . In the limit of R → 1 we get the net spin current generator in the absence of charge current. In turn, the spin current in the region III flows in the same direction as the particle (electron) flux, which is proportional to the transmission coefficient T = |t| 2 . Therefore, the spin current passing through the structure is not conserved, due to the spin torque exerted on magnetic moments in the region II. The maximum spin torque corresponds to the limit of T = 0, i.e., to the limit of total reflection of electrons.
